353

The structure of the turbulent pressure field in
boundary-layer flows

By G. M. CORCOS
University of California, Berkeley

(Received 26 March 1963 and in revised form 13 August 1963)

The paper is a discussion of measurements of the statistical properties of the
pressure field at the wall of turbulent attached shear flows. These measurements
have been made only in part by the author. A preliminary discussion is given of
the important limitations imposed by the imperfect space resolution of con-
temporary pressure transducers. There follows a discussion of the appropriate
scales of the pressure field. It is shown that measurements of the longitudinal
cross-spectral densities lead to similarity variables for the space-time covariance
of the pressure and for the corresponding spectra. The existence of these similarity
variables may be due to the dispersion of the sources of pressure by the mean
velocity gradient. Such a mechanism is illustrated by a simple model. Lateral
cross-spectral densities also lead approximately to similarity variables.

Computations based directly upon detailed pressure-velocity correlation
measurements by Wooldridge & Willmarth reveal that an important part of the
pressure at the wall of a boundary layer is contributed by source terms which are
quadratic in the turbulent velocity fluctuations; the interaction of the mean
strain rate with normal velocity fluctuations, being in effect limited to a region
very near the wall, supplies a dominant contribution only at high frequencies and
its scales, downstrean1 convective speed and convective memory are markedly
smaller than those of the observed wall pressure.

The inner part of the Law of the Wall region (y* < 100) seems to be substan-
tially free of pressure sources and within that region (a) the pressure can be
given in terms of its boundary value, and (b) the local velocity field is dependent
upon but unable to affect appreciably the turbulent pressures.

Introduction

In an incompressible turbulent flow, the two dependent variables are velocity
and pressure. Because such a flow is not irrotational, no kinematic solution is
possible and because its dynamic equations are non-linear no simultaneous
determination of pressure and velocity has been given no matter how simple
the geometry of the flow or the boundary conditions. On the other hand, while
a large number of measurements have permitted useful and informative experi-
mental generalizations to be made, it seems fair to state that they have not
supplied, to date, the physical basis for postulates which would be sufficient to
initiate a theory of turbulence.

Largely because of the development of the hot-wire anemometer, experiments
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had until recently favoured the measurement of instantaneous velocity fluctua-
tions and the determination of statistical quantities derived from averages of
these velocities. But a growing body of experimental literature is reporting
measurements of pressure fluctuations. This is due in part to progress in measur-
ing techniques, in part to an engineering interest in the pressure fluctuations
themselves. For, whether pressure fluctuations solicit the motion of a flexible
boundary (and thus cause the boundary to vibrate and to radiate a sound field)
or couple directly with a surrounding fluid medium (generating aerodynamic
noise) they are prime movers.

The following account is an attempt to interpret some of these pressure
measurements. The discussion is not meant to be exhaustive and the reader will
find treated elsewhere topics which have been omitted here. It must be admitted
at the outset that the conclusions which are offered apparently provide only
modest help to a theoretician although it is hoped that some of them will prove
useful.

The experimental results which are the basis for the discussion are in part
the author’s own, in part due to a number of contributors, accounts of whose
work are referenced in the text. However, the author gladly acknowledges the
special value of one source of data: the excellent measurements made under W.
Willmarth’s guidance.

The defining equations

Consider an incompressible turbulent flow. The relevant Navier—Stokes
equations provide us with a relation between fluctuating pressures and fluctua-

ting velocities A 1
§_+V,gradV+p—gradP = yydivgrad V, (1)
4 0

where Vis the velocity vector, p, and vy are the density and the kinematic viscosity,
both assumed constant, and P is the pressure. If we take the divergence of each
term of this equation and make use of the continuity equation, i.e.

divvV =0
we obtain divgrad P = —p,divdiv (V;V)
or in Cartesian index notation, wherein V = (V}) and the position vector x = (z;)
o*P oV o
ox? ~Po o, oz, (2)

If we define, for a statistically stationary flow,
V(x, 1) = U(x)+ v(x, 1),

1 [t+T
where U= lim = Vdt,
T—0 T to
and likewise, P(x,1) = po(X) + p(X, 1),
we may write, with U = (U)),
o*p oU; ov; o2 .
g = N T 0y G, Py ) (3

in which an overbar denotes a time average similar to that used to define U,
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The area scale of the pressure field
One of the very few inferences which can be made about the pressure on
theoretical grounds alone concerns the instantaneous integral over a plane solid
boundary of the pressure caused by an incompressible turbulent flow which is
homogeneous in planes parallel to the boundary and which vanishes sufficiently
fast in the direction normal to the boundary. This result may be applied to a
two-dimensional boundary layer in the absence of an external pressure gradient,
in so far as homogeneity along planes parallel to the boundary is well approxi-
mated over distances which are large when compared to a typical turbulence
length scale. As Phillips has shown (1954), provided the velocity fluctuations
vanish both at the boundary and at infinity (in a direction normal to the bound-
ary), the momentum and continuity equations yield in this case
|[sxopix+gnaam| o (9
2:=0,5=0
where the normal distance from the boundary is z, or £, and the integration is
carried over the whole plane of the boundary. Kraichnan (1956) gave an equiva-
lent result in terms of the two-dimensional spectral function E(0, k,, k,). Specifi-

ally if R 0,6,0) = plr, 0,70 t) ple, + £ 0.7+ 6.,
and if one defines

BO k) = g [ 7 R 0.6 0 exp (il a5

then Kraichnan's result is that
lim K0,k k) = 0. (5)

Fexs ka0
Hence the pressure correlation at the wall must be negative for some values of

& and §&,.

An approximate boundary condition

Equation (3) may be viewed as a Poisson equation for the fluctuating pressure
p,in which case oneimagines the right-hand side as a given scalar field. Boundary
conditions are then required in terms of the pressure. At infinity we shall take
p = 0. At the plane rigid wall of a turbulent boundary layer, Kraichnan (1956)
examined the normal component of equation (1) in the light of velocity measure-
ments in the vicinity of the sublayer and suggested that (dp/ox,),,_o = 0. A
somewhat more detailed analysis by Lilley & Hodgson (1960) leads to the
same result by showing that, at least in the absence of a mean pressure gradient,
typical solutions of equation (3) are negligibly affected by such an approximation.
Physically the demonstration consists in a comparison of a typical inertia term
Pov;(0v;/ox;) with Townsend’s (1956) estimate of [(9p/dx,)?]%,_, and so is equiva-
lent to the boundary-layer approximations in steady flow. The two boundary
conditions above permit the pressure at the wall to be given formally by

Po X(y,?)
=3 do(y), 6
97 ) oo [X— ] (¥) (6)
where the integral is taken over the unbounded half-space above the boundary.
23-2

[P(x, t)]xz=0
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Measurement limitations

So far, all instantaneous pressure measurements in wall-attached shear flows
have been made at the solid boundary. This is due in part to an intrinsic engineer-
ing interest in unsteady forces exerted on solid boundaries, in part to the fact
that a probe introduced in the stream creates and records dynamic stresses
which are different from the static pressure fluctuations. Thus our direct informa-
tion is spatially limited.

There is another limitation which is perhaps worth mentioning at the outset
because it seems to affect significantly almost all measurements of pressure
fluctuations to date. This is the imperfect space resolution of the face of the
pressure transducers used.

Transducer resolution

A transducer sensing element of non-zero size can only resolve adequately a
spatial distribution of pressure, the length scale of which is greater than the
characteristic dimensions of the transducer face. A similar problem arises in the
use of hot-wire anemometry. The theoretical problem of the recovery of informa-
tion at a point from the area average performed by the transducer may be
viewed as the mapping of a random function of space by a linear operator. The
mapping is & space integration and so some of the information is lost. The formal-
ism is well understood (see, for instance, Uberoi & Kovasnay 1953), but it does
not become useful until the lost information is supplied either by a postulate
(say, isotropy) or by additional measurements. In the case of pressure transducers
the problem has been analysed (Corcos 1963) with the help of the most detailed
experimental information available to date about the space-time properties of
the pressure field. A scheme was given to correct systematically experimental
measurements of all statistical averages related to the space-time covariance
of the pressure at least for a turbulent boundary layer. However, the correction
is a very sensitive function of the apparent translation velocity of the pressure
field about which our information is not yet of great accuracy.

When the correction is applied to available measurements, one finds that it is
often prohibitively large. In fact, in most experiments the fine scale contribution
to the pressure signal has been so attenuated by the probe as to have escaped
detection, whereas extrapolation from the recorded frequency spectra for the
smallest detected scale, properly corrected for transducer resolution, suggests
that the contributions which have been overlooked may be an appreciable
fraction of the signal. Asa consequence, some important experimental quantities
such as the fluctuating pressure intensity, and the apparent rate of downstream
transport of the pressure field, may have been measured with important systematic
errors which cannot yet be evaluated. Let us note that the correction factor
for the pressure intensity is far from linear with transducer size so that extra-
polations of pressure intensity from results obtained with inadequate transducer
diameters are likely to be misleading.
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The choice of non-dimensional parameters

It is well known that even when the Mach number, the degree of roughness
and the longitudinal pressure gradient are eliminated as parameters, a turbulent
boundary layer is not a self-similar flow in the sense that the average quantities
are not functions of a single non-dimensional length or a single non-dimensional
velocity. In the outer part of such flows, for instance, the mean velocity U is
referred both to the free-stream velocity U, and to the so-called friction velocity
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Ficure 1. Turbulent pipe flow: the root-mean-square pressure at the wall as a function
of Reynolds number. Correction for transducer size not applied but independent of
Reynolds number.

u* = \/(T,/po) (Where 7, is the mean shear stress at the wall) and the dominant
characteristic length is the boundary-layer thicknessd. In the inner part of the
flow (the Law of the Wall region) the characteristic velocityis u* and a length scale
istaken as v/u*. Buteven in this limited region, and even if one considers only the
coarse features of turbulence, this is not the only characteristic length. For
instance, the frequency spectra of the downstream component v, of the velocity
fluctuations are closely similar throughout the Law of the Wall region when
plotted against wd/ U, independently of the Reynoldsnumber #*§/v; whereas a non-
dimensional frequency derived from the viscouslength v/u*,i.e. wv/U, u*,is grossly
unable to bring into coincidence two v, spectra taken at the same non-dimensional
distance, yu*/v, from the wall if the Reynolds number «*§/v is different.t Thus
it is clear that at least some of the length scales found in the inner part of a
boundary layer are impressed upon it by the characteristic length of the outer
flow. The relationship between pressure and velocity fluctuations confers upon
the pressure field scales which depend both on the scales of the velocity fluctua-
tions and upon their distribution normal to the wall. Thus it is not obvious

t Such a comparison may be made from the data of Klebanoff (1954) and Wooldridge
& Willmarth (1962) with a Reynolds number ratio of about 6 to 1.
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a priori which parameters should be used in the presentation of pressure measure-
ments. The evidence from existing data for boundary layers and pipe flows
is relatively clear in this respect.
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Fiaure 2. Frequency spectra of turbulent pressure at the wall (pipe flow). Correction
for transducer size not applied but independent of Reynolds number.
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Variation with Reynolds number in the intensity (p2) of the wall-pressure
fluctuations are minimized if the wall shear 7,, = p,4*?is used to non-dimensional-
ize intensity. This is illustrated on figure 1 for fully developed turbulent pipe
flow and confirmed by the measurements of Bakewell, Carey, Libuka, Schloemer
& von Winkle (1962, pipe flow); of Hodgson (1962, subsonic boundary layers);
and of Kistler & Chen (1962, supersonic boundary layer).

The length scale in the downstream direction (z,) and lateral (x3) directions
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are clearly given by the over-all transversal extent of the shear flow—the pipe
diameter d or the boundary-layer thickness 6. This is shown on figures 2 and 3.
Figure 2 is a plot of the frequency spectral density of the pressure intensity for a
pipe over a Reynolds number range of over four to one which was obtained by
varying the pressure drop across the pipe. Figure 3 is borrowed from Bakewell
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Ficure 3. Space correlations of wall pressures in a pipe from Bakewell et al. (1962).
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o 300,000 [ A 300,000
Loneitudinal correlation. O 250,000 Lateral correlation~ 7 250,000
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el al. (1962) and shows lateral and longitudinal correlations of the pressure at the
wall of a pipe to remain invariant over a friction length range of approximately
two toone.

Thus as the thickness of the inner region of a turbulent boundary layer shrinks
(higher free-stream velocity) the intensity of the pressure field remains approxi-
mately proportional to the intensity of the wall shear stress and the space scales
of the pressure field at the wall remain approximately constant.

Intensity

The value of the pressure intensity, p?, has been measured by Harrison (1958),
Willmarth (1957), Skudrzyk & Haddle (1960), Hodgson (1962), Willmarth &
Wooldridge (1962), Bull (1963), and Serafini (1962) in subsonic two-dimensional
flat plate boundary layers; von Winkle (1960), Corcos (1962), Bakewell et al.
(1962) in fully developed turbulent pipe flow; and Bull & Willis (1961), Kistler &
Chen (1962), and Richards (1961) in a supersonic boundary layer. In general
resolution errors differed from one experiment to another and agreement even
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after resolution errors have been allowed for is mediocre. A detailed analysis
of all the subsonic boundary-layer data suggests only that perhaps at the wall
(p'[7) = 3:0 + 0-5 for Reynolds numbers U, d/v = 300,000 and that as has been
remarked above the dependence of this ratio on Reynolds number appears to
be small.+ In turbulent pipe flows, the intensity is of the same order while in
supersonic boundary layers the intensity seems to be larger—perhaps twice as
large at a Mach number of 5-0.
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Ficure 4. The frequency spectrum of wall pressure in a turbulent boundary layer.
@, Corrected for transducer resolution; [, Willmarth & Wooldridge (1962), uncorrrected.

Frequency spectra
The frequency spectral density of the pressure at the wall

D(w) = L aoR(O, 0,0,7)cos wrdr
TJo

has also been measured by many. A large measure of disagreement is found among
the reported values. Because the transducer resolution deteriorates as the
frequency is increased, at high frequencies, the disagreement is primarily due
to the difference in size and therefore in resolution of the transducers. Will-
marth & Wooldridge (1962) achieved the best resolution to date in a subsonie
boundary layer with a ratio of transducer radius to boundary-layer thickness
r/é = 0-0193. Their frequency spectrum is reproduced on linear scales on figure 4.
Note the importance of the estimated size correction.

T See, however, Bull (1963).
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At low frequencies important discrepancies may also be noted between the
various measurements even under nominally equivalent conditions. Their
origin is likely to be the presence of extraneous pressure contributions caused by
secondary flows in the free stream, mass flow fluctuations and radiated noise.
The spectra of Hodgson (1962), of Bull (1963) and of Serafini (1962) peak around
wd*/U, = 0-2; the spectral density then decreases to some extent with the
frequency. This behaviour is accentuated in spectral measurements made on a
glider by Hodgson (1962). In the glider measurements, the boundary layer at the
measuring station was subjected to a moderately adverse pressure gradient.

Convective properties of the pressure field—similarity of the co-
variances

It is known from the results of Favre, Gaviglio & Dumas (1957) that the spatial
structure of the turbulent velocity field in a boundary layer is altered rather
slowly if it is viewed in a preferred co-ordinate system which moves downstream
with respect to stationary boundaries at a rate which depends on the distance
from the wall at which the measurements are made: for a two-dimensional bound-
ary layer we define, say,

1,&(12, g, 7, 0’ T) — _ vl(xl’ Lo, L3, t) vl(xlj*' §, Lo :*__777551"3’ f ﬂ_lj——— .
[{02(1, g, 2, )12 {01 (1 + &, 2o+ 77, 25, 4+ 7))

The function 1 peaks for pairs of values of £ and 7 (over a narrow range of
values of #) which are such that £/r = U, is approximately constant and equal to
the local mean velocity U, (figure 5). This velocity will be called a convection
velocity. For a judicious choice of (small)  the peaks decrease slowly as the down-
stream separation £ increases. In the outer part of the boundary layer the opti-
mum space-time correlation exceeds 0-5 for separation distances equal to many
boundary-layer thicknesses. For the inner part of the layer this convective auto-
correlation is shorter-lived: for /6 = 0-06 it drops to a value of 0-5 over the time
required for a downstream travel equal to about one boundary layer thickness.

Early measurements by Willmarth (1957) revealed that the pressure field
at the wall reflected this behaviour. Longitudinal space-time measurements of
the fluctuating pressure at the wall of a boundary layer yielded correlations
which peaked for pairs of values of 7 and & such that (§/7U,) = 0-82. More
recently, many authors have obtained similar results in turbulent boundary
layers and pipe flows. Willmarth & Wooldridge (1962) gave a particularly detailed
mapping of the longitudinal space-time correlation which indicated a progressive
increase in the convection velocity U, as the distance between the two measuring
stations was increased. The apparent convection of the pressure field at the
boundary is clearly due to the combined translation of the sources of pressure
within the turbulent flow.

We may profitably view the space-time correlations of the pressure as a Fourier
synthesis with respect to time of individual frequency components.

For a point on the boundary let us define a cross-spectral density I'(§, %, w) by

R, 9,7) = fjmexp (twt) (&, 9, 0) dw, (7)

o]
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where R(£,79,7) = p(x;, 0; 24, t) p(xy+ £, 0,25 +7, t +7). Since R(£,7,7) is real, the
real part of I is symmetric and the imaginary part anti-symmetric in w and

R, n,1) = f: |T'| cos (wr + a)dw.

If the output of two pressure transducers (£, 0) apart is filtered by two identical
and (infinitely) narrow band-pass filters of, say, unit width, the mean of the
product of their output is a non-decaying periodic function of 7

R, (£,0,7) = |T'(£,0,0)| cos (w7 +a).
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Ficure 5. The space-time correlation of longitudinal velocity fluctuations from
Favre et al. (1957).
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IT'|, the amplitude of this periodic function and « its phase angle are readily
measured. This was done by Corcos (1962), Willmarth & Wooldridge (1962),
and Bakewell ¢f al. (1962). It is clear that in principle such measurements are
equivalent to the direct recording of space-time correlation. But they possess
over the latter at least two advantages. They allow (Corcos 1963) a systematic
correction for transducer size. Also, they exhibit explicitly what we shall call
the similarity properties of the covariance of the pressure field.

These properties are derived from the result that the complex function T,
when rendered non-dimensional, is nearly a function of a single similarity variable
which involves w and £ as a product. Specifically: if the angle  is used to define an
average translation velocity Ufw, £) by

a = —wlU, (8)

then the ratio 4 defined by
4 = |[D(w,§)]/®(w) (9)
is found to be approximately a function of w¢/U, only, while U,/U,, is found to be
a weak function both of wd*/U,, and of £/6*. The similarity variable upon which
both the magnitude and the argument of I" depend is therefore w&/U,. The magni-
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tude |I'| is a measure of the convective memory of a frequency component and
its dependence on w§/U, only implies that this memory is approximately inde-
pendent of the characteristic frequency of the flow, say, U,/6*. The evidence in
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Frcure 6. The amplitude of the cross-spectral density in a boundary layer, from
Willmarth & Wooldridge (1962). v, wé*/U, = 5-00; O, wd*/U, = 0-68.
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Ficure 7. The convection velocity in a boundary layer. Data from Willmarth

& Wooldridge (1962). A, wd*/U,, = 5:00; O, wd*/U,, = 0-68.

favour of this result is provided by the measurements of Willmarth & Wool-
dridge (1962) and by us, and is somewhat more weakly brought out by Bull
(1963), Bakewell ef al. (1962), Hodgson (1962), and Harrison (1958),T who first
made cross-spectral density measurements.

t The data as presented by the three authors mentioned last appears to require large
systematic corrections due to the finite band width of the filters used (cf. Corcos 1962,

appendix).
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In a turbulent boundary layer, Willmarth & Wooldridge measured both
A and « for a range of separations of £ and for two widely separated frequency
bands centred around wd*/U, = 0-68 and wdé*/U, = 5-45. Their datat is pre-
sented on figure 6 where A is plotted as a function of w§/U, = —a with wé*/U,,
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Freure 8. The amplitude of the cross-spectral density in a pipe. §/d: O, 0:2; A, 0-15;
v, 0:75; O, 11-2.
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Ficure 9. The convection speed as a function of frequency in a pipe.

as a parameter and on figure 7 where U,/U,, is plotted as a function of £/6* with
w6* /U, as a parameter. Note that U,/U,, varies relatively little with £/6* and more
with wé*/U,.

Similar measurements were obtained in pipe flow with fewer separation

T The values presented here are not those quoted by the authors. Our definition of
translation velocity (equation (8)) differs from the one they used. Also, since the band-
pass was wide, the effective frequency of the filter was different from the centre frequency
whenever the spectral density varied appreciably within the band-pass. This happened for
the higher frequency band.
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distances and a greater number of frequency bands. The corresponding plots
of A and U,/U (where Uis the mean discharge velocity for the pipe) are given in
figures 8 and 9.

We shall see that the accuracy to which I' depends only on w§/U, can be checked
in detail from independent measurements of Willmarth & Wooldridge.

Longitudinal space-time correlations and two-dimensional spectra

As might be expected, the fact that the amplitude function A4 is approxi-
mately a function of the phase angle « only has strong consequences for the
correlation R(£,7) and the related spectral function ¥,(k,, ). For our wall pressure
field assumed stationary and z-wise homogeneous, we define the full Fourier
transform

E (k. ) = f f R(E, 1) exp (—i{k, £+ wT))dEdr, (10)
—
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FiGure 10. A check of the similarity variable w{/U,.

R, 7) = %j@(w) A(wE]U,)cosw(t—E[U,)dw.
p

O, Experimental points Willmarth & Wooldridge (1962).
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and from equation (7)

I'é,w) = 517—wa exp (—iwT) R(E,7)dr :J‘cio exp (¢k, E) B, (ky, w) dky.  (11)

~ -

Then, in view of the experimental results discussed above, we can write approxi-

mately T, 0) = ®(w) A(wE/U,) cos (wE|U,), (12)
1-0
~—§/d =0
08
—Ejd = 0077
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Fraure 11. Longitudinal space-time correlations in a pipe. Solid lines are Fouricr trans-
forms of cross-spectral density. A, Direct measurement £/d = 0-2 in; @, direct measure-
ment £/d = 0-75 in.

from which it follows, %, being real, that

Bk, 0) = ;Tf: I‘(g,(u)cosklgdg— 7r|a)| f ( )cos{ o
) g

el

or B (b, 0) = I | Eo(p+1), (13)

where ¢ = k,U./w and £ is the cosine Fourier transform of 4,

1 0
Eyv) = ;Tfo A(p)cosvpdp.
In the integration leading to equation (13), &, U,/w is required to be fixed so that

U, must be independent of £ for a given w. Figure 7 suggests that this condition
is closely satisfied. On the other hand, according to equations (7) and (12)

R(E,7) = f : D(w) A(wE]U,) cos (w1 — £/U,) do. (14)
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A direct check on the accuracy with which similarity variables yield space-
time correlations from the frequency spectrum ®(w) and the amplitude of the
function A(wé/U,) is presented in figures 10 and 11 where predictions obtained
from a numerical integration of the integrand in equation (14) are compared with
direct measurement of the space-time correlation in a boundary layer (Willmarth
& Wooldridge 1962) and in a pipe. The agreement, particularly in the case of the
boundary layer, seems convincing.

Similarity and Taylor’s hypothesis

Taylor’s hypothesis suggested that for low turbulence levels and uniform mean
flow (turbulence behind grids) apparent changes in time at a fixed station are
almost entirely due to the translation of spatial non-uniformity past a fixed
observer, i.e. vz, ) = v, — Ut 0),
or in terms of correlations

R;(0,7) = i(";p £) vy(y, t+7) = 'Ui(xl;t) vz, —U,7,t) = By(—U,1,0),
which can be written

Ru(£,0) = f 0y ) 008 (0E/U7) do (15)

The difference between equations (14) and (15) for space correlations with no
time delay (where R,; and @, are replaced by the corresponding pressure correla-
tions and pressure spectral densities) is numerically quite small because for all
combined values of £ and w for which neither R(£) nor ®(w) are negligible, A(w&/U,)
is relatively close to unity. However, the fact that U, is a decreasing function
of frequency implies that for small separation distances §, R(£,0) falls more
rapidly and for large £ less rapidly according to equation (14) than would be the
case if an average translation velocity were assumed (as is usually done in applica-
tions of Taylor’s hypothesis). This is illustrated on figure 12 where equations (15)
(with a fixed U,) and (14) have been applied to our pipe data.

It will be shown later that the assumption of a locally frozen velocity field
obeying Taylor’s hypothesis leads to space-time correlations for the pressure
at the wall which are essentially similar in the sense defined above.

The integral time scale of the pressure at the wall
It is apparent from figures 10 and 11 that, according to the similarity hypo-
thesis, the correlation curves widen as their amplitude decreases. In fact the

integral scale ®
T, = fo R(E,T)/R(0,0)dr

is independent of £. By definition

1 O
I'0,w) = ;f cos wt R(0, 1) dr = ®(w),
0
so that the function 4(w,£) = {T'(w, §)/P(w)} cos (wé/U,) tends to unity as £ — 0
whether 4 is truly a function of w&/U, or not. On the other hand

T(£,0) = (2m)1 f " R 7)dr = (21 R(0, 0) L.

-0
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But according to the similarity hypothesis, and defining T = T} for £ = 0,
(0, &) = ©(0) = (2m)~" B(0,0) Ty; (16)

ie. T, =T, = const. The assumption used for this result, namely that A

depends only on wf/U, no matter how small this variable, is not supported by

strong experimental evidence (figures 6 and 8) but the space-time correlations

measured in turbulent boundary layers and pipes come quite close to satisfying
equation (16).

1.0
\]
\!
\
\
0-8 Hi
1
!
it
0-6
5 |,—Similarity
5
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\\
N /—~ Taylor
0'2 Y \Ef
Nm.-__m —
0 - -——
0 01 02 03 04 05 0-6 0-7 0-8
g/

Ficure 12. The longitudinal correlation in a pipe. Taylor’s hypothesis

R() = %fco O(w) cos %g dw;
peJo

<

and the similarity hypothesis

R() = ;J‘wq)((u) A((g]g) cos %E do.

0

It thus seems that as a given pressure pattern is translated downstream it
does not become incoherent so much as spread out. In factitis possible to account
for these features of the longitudinal space-time correlation as the result of the
dispersive effect of the mean velocity gradient on the pressure sources on the
assumption that the pressure field is contributed by a number of sources which
are translated over a range of velocities U,(x,) and which retain convective-
auto-correlation for a long time. It can be seen from a simple example that
departures from similarity may be a measure of the relative importance of the
convective lack of coherence of a given source and of the dispersive action of the
mean velocity gradient upon the contributing sources.

Without identifying the sources specifically, we write, aceording to equation
(6) for a point at the boundary with co-ordinates (0, 0, 0)

p(0,0,0,8) =5 oo IYI o(y)-
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Likewise for another point on the wall, a distance £ downstream of the first,

A(y t+7)
yi >0 |y _lgl

where i is the unit vector in the downstream direction. Hence the correlation
between pressure at the two points is

J J X _7)xy t+1)d0'( )dO'( /')
¥.>04J v, >0

P(€.0,0,t+7) = p"J da(y’),

2

v[ ]y’ -

Call y'—y = x and assume that the correlation XX’ is that between infinitesi-
mally spread sources convected at speeds U,(y,) and perfectly correlated in time in
a convective frame of reference, so that

:YG’, im”: t+7) = [”—’é(yz) 0y — U, 1) 8(x,) 8(3) A, A A3;

M’® is the intensity of the source at ¥,, Ay 9.3 are three lengths scales of the
source, d(r) is a Dirac delta funetion and U, is a function of y,.
Then substituting and integrating with respect to x, we have

PoAiAs M22,do(y)
A J.uz>0 |v| [y +illr —ig}"
Thus, R(£,7) has the following properties. For 7 = 0, the correlation decreases
as £ increases. For £ = 0, the correlation decreases as 7 increases.
Since U, is a function of y,, the effective value of |y + iUz —i§| is always greater
than |y| over the integral for £ & 0 so that even at an optimum 7, the correlation

decreases as £ increases.
Finally, the time scale

RET) = (17)

1 o0
R‘(W)J R

can be rewritten for any single y, with 7’ = 7 — (§/U,) and integrated with respect
to 7 first. The time scale then becomes invariant with respect to £,

ac 0
J R, 1)dT =J R(0,7)dr = const.
The very simple model above has the properties which we have approximately
attributed to the real pressure field. Thus the dispersion of the sources of pressure
by the mean stream may well be the dominant mechanism responsible for the
convective lack of coherence of the pressure (departure from Taylor’s hypothesis).
But the model also warns us that inferences cannot be made about the detailed
structure of the velocity or of the vorticity field from measurements of the pres-
sure at the wall because the pressure is rather insensitive to these details.

Lateral correlation—generalized similarity variables
For a boundarylayer, Willmarth & Wooldridge (1962) and, for a pipe, Bakewell
et al. (1962) have measured the cross-spectral density of the lateral correlation,

i.e. the function I'(0, 7, ®)/®(w). In both cases the data suggest that the filtered
24 Fluid Mech. 18
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correlation amplitudes have a lateral scale which is nearly proportional to 1/w.
One may define

(0,7, w) = ;;ff Ry, Tyexp (—iwt)dr,

so that R(0,9,0) = Zf I'(0, 5, w) dw. (18)
0

10
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_ 06
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=
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0-2 K

\QW\
B 2 ]
0
0 2 4 6 8 10 12 14 16 18
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Ficure 13. The lateral cross-spectral density in a boundary layer from Willmarth &
Wooldridge (1962). O, wd*/U, = 0-68; v, wd*/U, = 5-00.
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Ficure 14. Lateral correlation; test of the similarity variable wy/U,. O, Measured
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The data presented on figure 13 indicates that approximately
F(03 7, (1)) = (D(Q)) B(‘l”?/UJ

o)

so that R(0,7,0) = f cb(w)B(“ﬁ) dw. (18a)

U,

—m I

If for Willmarth’s boundary layer, one computes R(0,7, 0) from (18a) by using
measured values of ®(w) and of B(wn/U,) one obtains (figure 14) a lateral correla-
tion in excellent agreement with measured values.

The location and nature of the pressure sources

The experimental results which have been discussed and formal solutions
such as equation (6) lead us to expect that the spatial structure of the turbulent
pressure in a shear flow is not as fine-grained as that of the velocity field and one
may well wonder whether the pressure is not definéd more simply than a literal
reading of equation (3) would suggest.

The motivation for simplifying equation (3) is very strong. For instance, it can
be seen from equations (3) and (6) that a quantity as simple as (52)12:0 is given by

9 y t ‘X(y Ai ’ ”
x — = do(y) doty”), (19
Lpx = f7/z>0fyz>0 IX y | |X y l W)doty) )
where do is an element of volume, the integration is twofold over the space
Yy > 0 and y; > 0 and where

oU; ol ow;y, 4aU v, v, Oy
oy; eyl AR o, o} o
ov; Py, v, 0Py
Byﬁy; oy[ Yy Oy 8?/; Yoy,
a quantity which is beyond assessment. On the other hand it has been suggested
that the first term of expression (20) for the source, the only one involving only

second-order correlations, is in fact the dominant term. For a two-dimensional
turbulent boundary layer this term very nearly reduces to

oly ol dv, tvy

2z ys Oys Oy

The dominance of this term has been expected physically because the mean
velocity gradient oU, /0y, is known to be a large quantity in the inner part of the
boundary layer or more precisely because the product (0U,/0y,)? (0v,/cy,)* has a
maximum value which exceeds that of any other of the fourth-order terms in
expression (20). The relative importance of this mean-shear-turbulence inter-
action term and of all others has been discussed more formally by Kraichnan
(1956) and by Hodgson (1962). But the comparison is not decisive primarily
because the models of the velocity field used for such an estimate are necessarily
very coarse (see, e.g., Corcos 1962). On the other hand the recent and detailed
measurements of Wooldridge & Willmarth (1962) may be used to satisfy our
curiosity on this point and render unnecessary estimates based upon models.
24-2

X(y)X(y") =

(20)
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These measurements give us for a large carefully developed turbulent boundary
layer, the pressure intensity at the wall, its frequency spectral density, the space-
time correlation of the pressure at the wall and the space-time correlation of the
pressure at a fixed point of the wall with all three components of the velocity
fluctuation vector over a grid of values of the location of the velocity measuring
probe. In particular, the correlation function

D(X,8) 00, (X +E,+7)[0x,
was recorded for a very complete set of values of § and 7 with x, = 0. Here § is
the position vector of the hot-wire probe with respect to the pressure transducer

location. From these measurements one can compute directly and without

10
— — Measured directly
08 —N
\ Computed from mean-shear-
turbulence interaction
\ measurements

0'6 \
_ \\
E 0-4 <
& \

~
02 P
sS4
~ - -
0 il I U —
"] T e e
// Minimum at 7* = ~ 80
—-02 1 1 1
0 0-4 0-8 12 1-6 20 2-4 2-8 32 36 4-0 44
T = 7U 4 [0*

Ficure 15. The normalized pressure covariance in a boundary-layer.
Data from Wooldridge & Willmarth.

additional assumptions, (a) the fraction of the pressure intensity at the wall
contributed by the mean shear-turbulence interaction term; (b) the space and
the time covariances of this contribution and (c¢) its average convection velocity.
The method of computation is given in an appendix together with a discussion
of the reliability of the results. These results are as follows.

In the boundary layer of Wooldridge & Willmarth, the linearizing assumption

ol ov
2y — —9p 172
v Po 2y oy

leads to an auto-correlation of the pressure at the wall, the characteristic time
of which is much shorter than that of the observed pressure auto-correlation.
As is shown on figure (15), the computed auto-correlation crosses the time axis
for 7U,[6* = 0-82 and is negligible beyond 7U./é* = 2-5, while the auto-
correlation measured by Willmarth & Wooldridge (1962) crosses the time axis
forrU,[0* = 2-8and does notreach a maximum negative value until 7U, /0* = 8:0.
The same linearizing assumption leads to a mean-square pressure intensity at the
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wall which is approximately 32 %, of the observed value. The inference that the
non-linear terms contribute the balance is not rigorous because as expression
(20) shows, there are in fact three types of sources—originating from the product
of linear terms with themselves, of linear with quadratic terms, and of quadratic
terms with themselves. The computation evaluates the sum of the purely linear
contributions and half the cross-contributions. However, the latter are likely to
be small because they are the result of third-order correlations between typically
distant points.

3
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0 05 10 15
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Frcurge 16. The contribution of mean shear-turbulence interaction to the pressure
P »
at the wall. == ;

= 1-23; — = 0-314.
Ty p'?

The translation velocity of the linear contribution to the pressure field aver-
ages 0-66U,, and increases little with separation distance. By contrast the transla-
tion velocity of the observed pressure averages 0-82U,,.

Figure 16 indicates what part of the boundary layer contributes linearly to the
pressure at the wall by giving the result of a partial integration of the data along
planes parallel to the wall. p’/r,, is the area under the curve. Figure 17 alike
shows the linear contribution of four slices of the boundary layer to the auto-
correlation of the pressure at the wall. One observes that while the time and
length scales of the linear pressure sources increase with y, and approach those of
the observed wall pressure for y,/0* = 2-0, the strength of these sources at such
distances is so small as to be negligible. Thus the linear sources contribute to the
wall pressure intensity and to its auto-correlation only within a narrow region,
Ys/0* < 1-0 and the bulk of this contribution is found around

Yo/6* = 02 (y* = 440).
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Lilley (1963) used the assumption that the linear source terms are dominant
and a model of the velocity field to compute the covariance of the pressure at
the wall. His results are suggestive of the observed values. But the same model
also yields pressure-velocity covariances which are so different from those
directly observed that the statistical description of the velocity field », by the
model cannot be satisfactory, and final agreement of some of the features of the
computed and observed pressure fields must be regarded as fortuitous.

In summary, the velocity-pressure covariance measurements of Wooldridge
& Willmarth show that for the purpose of computing turbulent pressures from
given turbulent velocities, one is not justified (in an incompressible boundary
layer) in linearizing the unsteady equations of motion around a known mean

3
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Ficurg 17. The contribution of the mean shear-turbulence interaction to the pressure
at the wall: the autocorrelation contributed by various laminae of the boundary layer

R(*) = fo (@)7+dya/0*.

velocity. The source term obtained in this way, while significant, is not the
primary cause of the low frequency, large-scale part of the observed pressures,
and it is at most of the same order of importance as the non-linear source terms.

The pressure near the wall

We have just seen that the linear source terms located in the region yu*/v < 100
do not contribute much to the pressure field (except perhaps at very high fre-
quencies). It is very likely that the non-linear source terms are weak there also,
first because the bulk of the pressure field is translated at a speed x 0-82U,
which suggests that the average location of the pressure sources is y* = 3000,
and second because unless the longitudinal space scale of the non-linear source
terms is, in that region, several times as large as that of the linear term, their
contribution to the wall pressure would also be concentrated within an unrealisti-
cally high-frequency band. This suggests that within the narrow but interesting
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region yu*/v < 100 it is possible to express the pressure field in terms of its wall
value. If we define a random pressure component (a generalized function) 7 by

m(xy, K, t) 4772f f (x,t)exp{ —i(k 2, + kyxy)) do day,
and a source function 7' by

1 heal el
Tiaykt) =~ J f X (@, ) exp { ik, + kyty)y dary
where k = (k, k;) and if k = |k| then (cf. Kraichnan 1956) one may deduce from
equation (3) a simple ordinary differential equation relating 77 and 7'. If one makes
use of the boundary condition (¢p/dx,),, o = 0, which implies (dm/dz,), = 0,
one may give the solution for 7 as

7(xy, k) = m(0, K) cosh kx, — %f “sinh k(g — x3) T'(x3, K) dug.
0
This form of the solution emphasizes the fact that only sources found between the

boundary and the field point x, prevent the value of 7(x,, k) from being specified
in terms of 77(0, k). The wave-number spectrum is related to 7 (x,, k) by

(m(zy, K') m(2y, K))

E(z,. k) = TSk
and is therefore
2 cosh kx, [* . B Ty
E(x,,k) = E(0,Kk) cosh? kx, — l’w(k—k’z)f sinh k(x, — ) T'(x5, K) 7(0, K’) d,
f f sinh k(x, — 23) sinh k(z, — ) T(x}, k) T(x), k') dacy dacy.

(21)
Now let us choose z, small enough so that x,u*/v < 100. For the conditions of
Wooldridge & Willmarth’s experiment, this corresponds to z,/8* < 0-055 and
for such distances from the wall, (a) kz, < 1 for the bulk of the energy spectrum
(which is found for kd* < 5), (b) the integral of the covariances of the pressure
sources over the lamina 0 < x; < 2, yieldsa negligible contribution to the pressure
at the wall. Under the same conditions it is easy to show that the second integral
on the right-hand side of (21) is of order at most (kxz,) times the first and that the
latter is not only small with respect to £(0, k) but also small with respect to

M 2
(kz,)* (0, k), so that E(x,, k) ~ E(0,k)cosh?kx, (22)

except for very high wave-numbers. An expression for p*(z,) can easily be de-
duced from (22).

Equation (22) is the solution which would correspond to the equation and
boundary conditions
v (dmjdz, =0 at x, =0,
P= {77(7:2, k) given at z, = some specified distance, &, from the wall.

It follows that, while the momentum flux fluctuations are very large within this
region, they do not affect directly the pressure fluctuations locally, essentially
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because they are spatially too incoherent over neighbourhoods within which
momentum flux fluctuations originating further from the wall give rise to
strongly correlated pressure fluctuations.

This work was initiated under National Science Foundation Sponsorship.
It was completed during stays at the Jet Propulsion Laboratory; for this
opportunity and his friendly and critical interest, I thank Dr John Laufer.

Appendix. The computation of the covariance of the pressure from
the linear source term

The computation uses the measurements of Wooldridge & Willmarth (1962)
of mean velocity, U, intensity of the time derivative of the velocity component
normal to the wall ¢ (for simplicity we redefine here v, as #) and covariance of
p at the wall with #.

From equation (6) which assumes (9p/02,),,.o = 0 and the assumption that
only the first term on the right of equation (3) (the ‘linear’ term) contributes
appreciably to the pressure, we get for a point X = (x,, 0, 2,) on the wall

0
.p(x]_: O; xg, t) = &)f aUl ov fd_?:(y)

m 112205y—2 a—yl lY“_J(T’

and hence -

v , Po oU; m; oo do(y)

p(xﬁt == (G, t) = ¢ »T) = f
)8y1 &1 €)= %220 ayz C?/1 aJ1 ly—x|’

. ov ov
Here =y -X, 7=({'-1); — = y, 7

y =) gy /Y=Y

On the other hand

R(E, 1) = p(xX, ) p(X +E,t +7)
Jf f 8U, 0l ov v dal(y)da(y’)
>0 J 4iz0 0y 0Y2 0y Oy [y —X| |y =x'|”

where " = x + &, is another point on the wall. Hence

pO c T) ’
RE, T do
(g ) J‘Uz?() ayZ Iy —X I (y )
and in particular
— Po ol C(t, 0) ;
P2 (X) ..~ do(y’), (n
p ( ) 9=0 T w0 ay2 iy I (y) )
Po oy C(&,7) ‘
RO, 7)== T do(y’). (b
(©0.7) ”fy;>0 0Ya Iy —Xl ) )

Now Wooldridge & Willmarth have measured a function R,; which is easily re-
lated to C. For data for

P(x, )@+ t+7)
(p?o)
shows that for sufficiently short times and to a very good accuracy
R (0,85, 0,7) = Ryi{&y, G, 0,7+ (&, /U))}

R,, =

DO
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where U is the mean velocity at {,. This means that delay time and longitudinal
separations can be interchanged for sufficiently small delay times, so that

Bt = ~PEOPEIL Ry OCn)
[ p? (Ov/cyy)*]2 [p* (ov[0y;)?]2
and that
C(Cl’ §27 §3: T) = O{O’ §2’ §37 T— (gl/Ul)}

The delay times 7 for which these relations are valid vary with £, as shown in the
following table

=c(L,7),

G/o* 01 02 05 10 20
TUL/6% <09 13 1.8 27 50

For larger delay times, account could be taken of the progressive decrease of the
source strength, but this is not necessary for the computations presented, since
the character of the computed auto-correlation of p at the wall is apparent for
TU,[0* < 0-8. Thus the measurements of R,;{0,{,, &, 7— (& /U;)} supply the
integrand in equations such as (@) and (). The integration is carried out numeri-
cally over planes parallel to the wall first, after contours of C(Z,7),, have been
plotted and by using a fine grid. Finally, the integration is performed in the ¥;
direction normal to the wall after drawing smooth curves through the points
obtained from the partial integration. The auto-correlation of the observed
pressure (figure 15) was measured by Willmarth & Wooldridge (1962).

Aecuracy

The data provide several hundred values of R, for well-chosen values of § and 7.
In addition Wooldridge & Willmarth have measured E,, independently and
this provides both a consistency check and a means of assessing with some
precision the asymptotic values of E,; because, over the significant region of
integration, whenever R, becomes too small to be assessed with accuracy
[R,,(T)]c has a well-defined (though small) slope. It is found that the effect of
these asymptotic tails of R; are negligible.

The accuracy of the inferences made makes variable demands on the accuracy
of the data. For instance, the probable error in the computation of the mean-
square intensity is estimated as 20-30 9, but the probable error in the delay time
for the first zero of the auto-correlation curve is not likely to exceed 10 9, even
if one allows for very large systematic errors in the data (for which there seems
to be no evidence if we except the finite space resolution of the pressure trans-

ducer used).
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